Population models with discrete or continuous trait spaces: Competitive
exclusion or coexistence?

Competitive interactions between organisms play a significant role in structuring
ecological communities. The questions of when do competing species coexist and when
do they exclude each other have long intrigued both ecologists and mathematicians. In
1932, Gause formulated the well-known Competitive Exclusion Principle, which states
that two species competing for the same resources cannot coexist if other ecological
factors are constant. Experiments and mathematical models, beginning with the Lotka-
Volterra model, have been used to support or violate this tenet. In this talk recent
population models in which individuals are distributed over a phenotypical trait space
(discrete or continuous) and compete with one another will be discussed. Conditions
under which competitive exclusion occurs and conditions under which coexistence is
possible are presented. In particular, it shown that when competition efficiencies of
different species are similar, competitive exclusion occurs and the winner is the one with
an invasion reproduction number larger than one. It is also shown that when competition
efficiencies are different then coexistence and bi-stability are possible outcomes. Then, a
measure-valued modeling approach will be presented. This approach has the advantage of
combining models with discrete or continuous trait spaces under one formulation. The
long-time behavior of solutions of this measure-valued model is discussed. It is shown
that for the case where individuals of one trait produce individuals of the same trait (pure
selection), the solution of the dynamical system converges to a Dirac measure centered at
the fittest trait class, i.e., competitive exclusion is the outcome where the fittest trait
outcompetes all others. It is also shown that when the trait space is discrete, the model
with small mutation has a locally asymptotically stable equilibrium that attracts all initial
conditions that are positive at the fittest strategy. In this case coexistence between
different traits is possible.
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